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Abstract 

Let FAI, Ai Ai be the bundles of linear frames and Riemannian metrics 
of a manifold M, respectively. The existence of a unique Diff Af-invariant 
connection form on J^Mm x m FM — > J^Mm, which is Riemannian with 
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1 Introduction 

Let q: Mm ^ M be the bundle of Riemannian metrics of a smooth mani- 
fold M of dimension n. The goal of this paper is to prove that the bundle 
qlFM — > J^Mm, obtained by pulling the linear frame bundle FM back to the 
1-jet bundle of metrics, is endowed with a unique Diff A/-invariant connection 
form Lu — called the universal Levi-Civita connection — with the property of being 
Riemannian with respect to the universal metric g on q^TM; or equivalently, 
Lo is the only Diff A/-invariant connection form on the subbundle OM of pairs 
{ux,j]cg) G qlFM such that is (7a;-orthonormal (see Theorem 15.11 and the 
precise definitions below) . This result is analogous to that proving the existence 
of a canonical connection on the principal G-bundle J^P ^ C{P), where C{P) 
is the bundle of connections of a principal G-bundle P M (see 0). 

As is well known (e.g., see jlj), the Levi-Civita map, which assigns its Levi- 
Civita connection to every Riemannian metric, is a natural map, i.e., it is 
Diff Af-equivariant with respect to the natural actions of the diffeomorphism 
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group on the space of Riemannian metrics on M and on the space of Hnear con- 
nections on M . This map induces a DiffM-invariant connection form cjhor on 
q^FM J^A4m, called the horizontal Levi-Civita connection as it is horizon- 
tal with respect to the projection q^FM — J^Mm Xm FM — > FM; but Whor 
is not a Riemannian connection, i.e., it is not reducible to OM. Surprisingly, 
to is obtained by adding a contact form to Whor, thus showing that the contact 
structure on J^Mm plays a crucial role in our construction. 

The connection form uj allows us to construct the universal Pontryagin and 
Euler differential forms on J^A4m, which contain more information than the 
corresponding cohomology classes on M; for example the forms of degree greater 
than n do not vanish necessarily — unlike their cohomology classes. We also 
remark on the fact that such forms play the same role, in metric theory, than 
the universal characteristic forms introduced in T in gauge theories. 

2 The geometry of the bundle of metrics 

2.1 The bundle of metrics 

The bundle of Riemannian metrics q: Mm A/ is a convex open subset 
in S'^{T*M) and every Riemannian metric g is identified to a global section 
g: M ^ M.M of this bundle. 

Every system of coordinates {U\x^) on AI induces a system of coordinates 
{q~^U;x\yij) on Mm by setting 5^ = yij{gx){dx')x ® {dx^)x, ^9x e Mm, 
X € U. We denote by (y*-* ) the inverse matrix of (y^ ). 

The diffeomorphism group of M acts in a natural way on Mm by automor- 
phisms of this bundle: The natural lift of a diffeomorphism (j> E Diff Af to the 
bundle of metrics (f>: Mm ^ Mm is defined by 

(1) Hg.) = irr' i9x) e iMM)^ix), 

(j)* : S'^T^f^^^M S'^T*M being the induced homomorphism. Hence qocj) — cj)oq. 
In the same way, the lift of a vector field X € X(Af) is denoted hy X £ X{M m)- 
If X = X^d/dx\ then 

i<.j ^ / ^ J 

2.2 Jets of metrics 

Let q^: J^Mm — * M be the r-jet bundle of sections of Mm and, for every 
r > s, let qrs ■ J^Mm J^Mm be the canonical projections. For every 
(/) G DiffM we denote by (j)^^^ the natural prolongation to J^Mm of the lift (j) 
given in QJ; precisely, (l>^^\jl,g) — {<t^ ° 9 ° 4>~^) ■ Similarly, X^''^ denotes the 
jet prolongation of the hft X E X{Mm) given in (0). 

Let (g;:^C/; x^ ,yij^yijj), 1 < |/| < 7", / S N", be the coordinate system 
induced by {q-'^U■,x\y^j)■, i.e., ytjjUlg) = {d^^Kvij ° 9)/dx^){x)- If iU;x') 
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is a normal coordinate system for the metric g centered at x, then we have 

Let us fix a coordinate system (C/; x*) centered at x G M, and let (p £ DiffM 
be a diffeomorphism such that (l){x) G U. The equations of the transformation 
0*^^) are as follows: 
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If M is an orientable and connected manifold, we denote by Diff~''M the 
subgroup of orientation preserving diffeomorphisms. The manifold is said to 
be irreversible if DiffM — Diff~''M; otherwise, the manifold is said to be re- 
versible. Every compact, orientable and connected manifold of dimension < 3 
is reversible; e.g., see f. Chapter 9, §1]. We recall the following result about 
extending diffeomorphisms (see |71 IIU)'): 

Lemma 2.1. Let 0: [/—>[/ &e a diffeomorphism defined on an open neighbour- 
hood of x in an orientable differ entiable manifold M such that (j){x) = x. If M is 
irreversible we further assume (j)<t_x £ Gl^ {T^M) . Then a global diffeomorphism 
(p S DiffM exists coinciding with (j) on a neighbourhood of x. 

Diff^A/ (and hence Diff Af) acts transitively on every orientable connected 
manifold M. Even more, as a simple consequence of the existence of normal 
coordinates and Lemma l2. II we have 

Proposition 2.2. If M is an orientable and connected manifold, then the group 
Diff^A/ acts transitively on J^A4m- 

Let e e n^{J^MM,S^{T*M)) be the structure form of J^Mm (see 0), 
where we use the canonical identification V{Mm) — Mm Xm S^{T*M); i.e., 
OjigiX) = (gio)*(X) -g,(gi,(X)), WX £ T^igJ^MM- In local coordinates, 



(4) 9 = [dyij - yij^kdx'^) dx' dx\ 

The bundle qlTM = J^Mm Xm TM J^Mm, obtained by puUing 
TM back via qi : J^Mm ~> M , is endowed with a universal metric given by 
g {{jlg,X) , {jlg,Y)) = gx{X,Y), yX,Y e T^M, which satisfies the following 
universal property: {j^g)*g — g, for every Riemannian metric g on Af. By 
means of this metric, we can identify q^TM to q\T*M . 
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If a G n*{j'^MM,T*M), the clement of n*{J^MM,TM) corresponding to 
a under this identification, is denoted by g^^a. We have 

(EndTM) {®^T*M) = ql {S'^T*M) © ql {a^T*M) . 

Let EndsTAf (resp. EndATM) be the image of g^* {S^T*M) (resp. q^ {a^T*M)) 
in ql (EndTM) under the previous isomorphism. We have 

(5) '& = g-^e en\J^MM,'E'ndsTM). 

If a G {J^ A4 M , EndTA^), then a decomposition exists such that a — as +Q:a, 
where the forms as e 1^''(J^7Wm, EndsTM), ua G 17'' (J^A^m, EndATM) are 
called the symmetric and anti-symmetric parts of a, respectively. 

3 Natural connections 

3.1 Linear frame bundles 

Let tt: FM M be the linear frame bundle of M, and let (x'',a;*) be the 
coordinate system induced on Tr~^U by a coordinate system {U;x^) in M; i.e., 
u = ((9/axi)^, . . . , (ol/ax"),,) ■ (xj(7i)), Vu G 7r-i(x), Vx G U. The lift of 

(j) G DiffM to FM is denoted by (j>: FM FM, (f){u) = (t)»{u). Analogously, 
X G X(TM) stands for the lift of X G 3e(M). Let q^FM = J^M mXm FM be 
the pull-back of FM to J^Mm via qi: J^Mm M. There are two canonical 
projections 

q*FM FM 

* J, i V 

J^Mm M 

The first projection tt: q^FM J^A4m is a principal G/(n, IR)-bundle with 
respect to the induced action, given by {j^g, u)-A= {jl.g,u-A), ^jlg G J^A4m, 
Vu G F^M, \fA G Gl{n,R), and the second projection qi: q^FM —^ FM is 
Gl(n, ]R)-equivariant. 

The diffeomorphism group DiffM acts on A4m and on FM as explained 
above; hence it acts on q^FM by the induced action. If </> G DiffM its lift to 
q^FM is = Similarly, if X G X(M) we denote by X its hft to qlFM. 

As qi is a DiffM-equivariant map we have (gi)*(X) = X. For every i G M, we 
define ipt G Auti^M (resp. (pt G Diff (J^A^m), resp. ipt G Aut (gJFM)) by 

(pt{u) = exp(-|) • u, 

v>t{jlg) = jlieMt) ■ 9) , 

VtUlg, u) = {jl (exp(t) • g) , exp(-|) • u) . 

We denote by ^ G X{FM) (resp. ^ G X{J^Mm), resp. ^ G X{qlFM)) the 
infinitesimal generator of the 1-parameter group ((pt) (resp. (ipi), resp. (ift)) 
defined above. We have gi*(0 = 0, 9i*(0 = and 7f*(^) = ^. Hence, the group 
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g = DifFM X R acts on the principal GZ(n, R)-bundle tt: qlFM J'^Mm- by 
automorphisms. If (0, t) S Q, we set (pt = i' ° 'Pt = 'ft ° (j^- This action induces 
a (/-action on the associated bundles to q^FM, (such as qlTM, qlT*M, etc.), 
and on the space of sections and differential forms with values on such bundles. 

Proposition 3.1. The universal metric g £ il°(J^A^M, S'^T*M) on the bundle 
q^TM , is invariant under the action oj the group Q = DiffA/ x M defined above. 

Proof. Let g G n"{qlFM, (R")*) be the Gl{n, M)-invariant function on q^FM 
corresponding to g. Let (e^) be the standard basis on M" and let (e*) be its dual 
basis. For every j^g e J^Mm and every frame = {Xi, . . . ,X„) e FM^ we 
have g{jlg,Ux) — gx{Xi, Xj)e'^ ® e-'. Hence, for every {<f>,t) E Q, we have 

(<^:g) {jlg,u,)^s{^['Hjlg),4>tu.) 

^ {'f>7^) 9(t,{x){4't*Xi,<j)t^.Xj)e^ ® 

□ 

3.2 The horizontal Levi-Civita connection 

We denote hy tt: FgM ^ M the orthonormal frame bundle with respect to a 
Riemannian metric g on M, which is a reduction of group 0{n) of the bundle 
FAI. We denote by the Levi-Civita connection of g; i.e., the only symmetric 
connection on FgM . If there is no risk of confusion we also denote by F^ 
its direct image with respect to the canonical injection FgM '-^ FM (see |S1 
II. Proposition 6.1]). Analogously, lo^ denotes the connection form of both 
connections, and the covariant derivation law with respect to F^ on the 
associated vector bundles. 

Proposition 3.2. The Q[{n,M.) -valued l-form on qlFM defined by 

c^hor(X) - c^nfe)*^), VX G T^,ig^uMFM), 
is a connection form on the principal Gl{n,M.)-bundle tt: q^FM J^A4m- 

Proof. The definition makes sense as depends only on jl.g. We check 

the two characteristic properties of a connection form. 
(1) For every A £ 0[(n, M) we have 

Whor(^*jig.„)) = c^^((gi)*A*^-ig „^) by the definition of tJhor 
= uj^{A*^) as qi is equivariant 

= A as is a connection form 

(2) For every A e GZ(n,R) and X e TFMjimm^ we have 
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(ii>hor)(X) =Whor((i?A)*X) 

= u)^{{RA)*{qi)*X) as is equivariant 

= (Ad^-i o as ui^ is a conection form 

= (Ad^-i oa;hor)(-^)- 

□ 

Remark 3.3. The bundle of orthonormal frames cannot be used in the preceding 
definition as it depends on the metric chosen. Below, we show that, in fact, Whor 
is not reducible to the bundle of orthonormal frames, although a new connection 
form u) can be defined, which will be reducible to this bundle. 

The connection Whoi induces a derivation law V^"""' in the associated bundles 
to QiFM; in particular, on q^TM, qlT*M, etc. In local coordinates we have 

V^hor = [dX' + T%X''dx^) (g, 
V""'-a = (dtti - r %akdx^^ ® dx\ 

(6) fihor = {dVik A dx'' + V^J^^.^dx' A dx^) dx^ ® , 
where X = X'd/dx' G QP{J^Mm,TM), a = aidx' G n°{J^MM,T*M), 

(7) r}fe = \v'''{yaj.k + Vak,3 - yik,a), 

and Jlhor is the curvature form of o^hor- 

Proposition 3.4. The connection form o^hor satisfies the following properties: 

(1) If (Jg: FM — > qlFM is the equivariant section induced by a Riemannian 
metric g (i.e., cTg{ux) = {jig,Ux)), then a*u}hoT is the Levi-Civita connec- 
tion form of g. 

(2) The form u>hoi is invariant under the action of the group Q = DiffM x M 
on qlFM. 

(3) V'"'-g = 6l. 

Proof. (1) Let X G T„^FM. As qioag = id^M, we have 

{o-g(^hoT){X) = a;hor(o-g*(X)) 

= w3(giH.crg*(X)) 
= iv^{{q,oag)JX)) 
= uj^{X). 
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(2) First recall that if </) 6 DiffM and is the Levi-Civita connection of 
the metric g, then {(j)'^)*uj^ = uj'^'^ is the Levi-Civita connection of the metric 
(j) ■ g ~ (f' ° g ° 0^^- In the same way, if i G M, then {(p'^^)*uj^ is the Levi- 
Civita connection of the metric exp(t) • g. From the definition of Whor, for every 
X e T(^jig^u)qiFM, and {(j),t) G g we have 

= ((0,-1)* {^t*qi*X) 
= Lua{q^,X) 

(3) In local coordinates, we have 

V"-'g = {dy,j - {y:^Tk^ + y^.Tkj) dx^) ® dx' (g> dx' 
— {dyij — yij^kdx^) ® dx^ ® dx^, 

where we have used the equation 

(8) yij^k =yajTl^ + yatTtj, 

and we conclude by virtue of the formula □ 
3.3 The universal Levi-Civita connection 

The connections on q^FM are an affine space modelled over Vl^ {J^ M. m ^YjTiAT M) . 
Furthermore, as, d £ f7^(J^AlM, EndTM), we can define a connection form on 
qlFM as follows: 

UJ = LJhor + 51?- 

The connection form lo is called the universal Levi-Civita connection. 

The following lemma can be proved by computing in local coordinates: 

Lemma 3.5. If a e n\j^MM,'EndTM), then V'-'+"g = V"""g - 2as. 

The next theorem states the basic properties of the universal Levi-Civita 
connection and it is analogous to Proposition 

Theorem 3.6. The connection form lu satisfies the following properties: 

(1) With the notations of Proposition 13 . 41 for any Riemannian metric g, the 
form a*uj is the Levi-Civita connection form of g. 

(2) The form uj is invariant under the action of Q = DiffM x M on qlFM. 

(3) // is the derivation law induced by uj, then 
(9) V-g = 0. 
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Proof. (1) Follows from Proposition |^| and from the fact that [j^g)*'d = 0. 

(2) From Proposition 13 . II and Proposition l3.4l -f2). we know that Whor and g 
are C/-invariant. Moreover, from Proposition I3.4h f3) we have 6 = V"'""g, and 
hence 6, as well as d — g^^O, are also ^/-invariant. Hence u — ojhor + ■^^ is 
^-invariant. 

(3) It is a consequence of Lemma [3. 51 and Proposition l3.4h f3'l. □ 

Let OM J^AAm be the reduction of qlFM to the subgroup 0{n) given 
by OA/ = {{u^,jl g) e qlFM: u^is, gj;-orthonormal}. 

The following result shows the advantage of lo over Whor- 

Proposition 3.7. The connection uj is reducible to a connection on OM . 

Proof. It follows from 8, III, Proposition 1.5] and the formula l^. □ 

Proposition 3.8. If ^ is the curvature form of uj, then we have 

(10) = (flhor)A - A 

Proof. As = LJhor + 5^?, we have VI = rJhor + ^^"'•"z? + ^z? A i?. Hence, it 
suffices to prove = —-d hd — 2 (r2hor)s- Let [x^) be a system of normal 

coordinate for g centered at x. By taking the covariant exterior differential with 
respect to Whor in the local expression § = y^'^{dyaj — yaj.kf\dx'')®dx^ ®d/dx^, 
and evaluating it at jl,g, we have 

(11) (rf"''"^),ig = (rfy'" A dya, - dy,,.k A dx'^)^,^ ® (^dx' ® ^ 

Taking the exterior differential in y^°'yaj = we obtain — —y'-^dy^jy^'', 
and taking the exterior differential in the formula (jS]) and evaluating at j^g we 
have {dyij^k)jig = {d^jk)jl:g + i'^^ik)3ig- Substituting these expressions in lfTT|l 
and taking the formula © into account we obtain 

(rf^'-'i?),!,, = - [dy^aAdyaj + (^dr]^ + dTQ Adx^')^^^ ® (dx^ 

□ 




4 Universal Pontryagin and Euler forms 

Let denote the Weil invariant polynomials of degree d for the Lie group G, 
see j8, XII]. As OM J^Mm is a principal 0(n)-bundle and a; is a connection 
form on this bundle, the Chern-Weil construction of the characteristic classes 
provides us a closed differential (2c?)-form /(rj) on by applying a Weil 
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polynomial f to the curvature ft of w. As is well known (e.g., see 

jO(") ig spanned by the polynomials pk £ ^2k ^'^ ^ 1 < < [f ], characterized by 

det {XI - ^X) = ^pfc(X)A"-2^ VX e so(n). 

We define the universal fc-Pontryagin form of Af aspfe(r2) G ri^'^( J^A^m). More- 
over, assuming M is connected and oriented, we have a principal >5'0(n)-bundle 
over J^Mm, O^M = {{ux,jlg) G OM: Uxis positively oriented}, and u) is re- 
ducible to O+M. A well-know result (e.g., see %, Chapter 8], _8. XII, Theorem 
2.7]) states that jSO{n) generated by the polynomials {pk} for odd n, and 
by {pk, Pf} for even n, where Pf G T-^^^^ denotes the Pfafhan. For every even 
dimension n — dim M, we define the universal Euler form of M by setting 

E = (27r)'^ Pf(0) e f7"(jiyWM)- 

From the identity (27r)~" Pf^ = p„/2 we deduce EAE p„/2(r2). The properties 
of Lo lead us readily to the following 

Proposition 4.1. We have 

(1) The universal Pontryagin forms and the universal Euler form are closed. 

(2) The universal Pontryagin forms Pk{fi) (resp. the universal Euler form 
Fi) are invariant under the action ofDiSM x R (resp. Diff^Af x Rj on 
J^Mm- 

(3) For any Riemannian metric g on M , we have 

{j'gnpk{n))=pk{na), 

(j\g)*(E) - (27r)-tPf(f7^'), 

where fl^ denotes the curvature of the Levi-Civita connection lu^ of g. 

Remark 4.2. The Euler form is not invariant under the elements of Diff~Af 
(recall that 0~^{M) is invariant under Diff^A/, but not under Diff~(A/)). In 
fact, for any e Diff^A/ we have 4>^'^>(E) = -E. 

The relation between the universal Pontryagin and Euler forms on J^AAm 
and the usual Pontryagin and Euler classes on M is the same as the relation be- 
tween characteristic forms and classes on the bundle of connections of a principal 
bundle (e.g., see The map q^: II'{M) II'{J^Mm) is an isomorphism 
with inverse map (j^g)*: H* {J^ A4m) H*{M), for any Riemannian metric g 
on Af, and bv I4.1t -f3') the fc-Pontryagin (resp. Euler) class of M is the image 
under this isomorphism of the cohomology class of the universal fc-Pontryagin 
(resp. Euler) form. 

As in the case of the bundle of connections of a principal bundle, the Pontrya- 
gin forms contain more information than the Pontryagin classes. For example, 
if 4fc > n, the fc-Pontryagin class vanishes, but the corresponding form does not 
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necessarily, as dim J^A4 m > n. For example, if n = 2, then the first Pontryagin 
form pi(Jl) G ^"^{J^Mm) does not vanish, whereas the first Pontryagin class 
vanishes by dimensional reasons. According to these higher-order Pontrya- 
gin forms can be interpreted as closed Diff"''M-invariant differential forms on 
the space of Riemannian metrics on M . In a forthcoming paper, we shall study 
these forms and their extension to equivariant cohomology in a similar way as 
done in [5] for the characteristic forms on the bundle of connections. 

5 The universal Levi-Civita connection charac- 
terized 

Theorem 5.1. The universal Levi-Civita connection uj is the only DiffM- 
invariant connection form on q^FM —^ J^A4m satisfying the condition 
In other words, the form w is the only DifSM -invariant connection form on the 
bundle OM -> J^Mm- 

The proof of this theorem is based in the following 

Lemma 5.2. The DiS M -invariant 1-forms on J^M.m with values on Cx)^T*M 
are X0 -\- /xtri? O g, A, /i G M. Equivalently, the only DiS M -invariant connection 
forms on the bundle q^FM J^Ai m are u) -\- Xd -\- /itri? ® idrM, A, ^ € M. 

Proof of Theorem \5.1[ The universal Levi-Civita connection uj satisfies the con- 
ditions of the statement by virtue of Theorem 13.61 Conversely, let us sup- 
pose that oj is another DiffM-invariant connection on q^FM. Then, we have 
UJ = UJ -\- a, with a G fi^ ( J^A^a/, EndTM). Clearly, a is DiffM-invariant, and 
from Lemma 15.21 we have a = -\- /itri? (g) idTM for some A, /it S K. Hence 
V^g = — 2 (A6' + /xtri? (X) g), and consequently, uj satisfies the condition if 
and only if A = /i = 0; i.e., if and only if uj — uj. □ 

Next, we state some necessary results to prove Lemma fS. 21 First of all, we 
recall the following: 

Theorem 5.3 ((^ lllp . (Fundamental theorem of the invariant theory for 
the orthogonal group) Let {v,w) t-^ {v,w) be the standard scalar product on 
V = M", allowing us to identify V with its dual space. We consider the tensorial 
representation of 0{n) on (Xi'^V^. Then, we have 

(1) For k odd, the unique 0{n) -invariant element of (d'^V is the zero element. 

(2) For k = 21 even, the subspace of 0{n) -invariant elements on ^''V is 
generated by the following invariant linear forms 

where ii, 12, . . . , 121-1, *2i stands for an arbitrary permutation of the set of 
indices 1,2, ... ,21 — 1, 21. 
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Theorem 5.4 (Fundamental theorem of the invariant theory for the 

special orthogonal group) With the previous notations, for k < n, the SOln)- 
invariants on coincide with 0{n)-invariants. For k = n, the space of 

SO{n)- invariants is generated by the space of 0{n) -invariants and A"'V . 

Remark 5.5. For fc = 4, from Theorem 15 . 31 we conclude that the 0(n)-invariants 
are generated by the following tensors: 



Proposition 5.6. Let (ei, . . . , e„) be the standard orthonormal base inV = M". 
Consider the 0{n)-module E = © {S'^V ® (^^F)) © {S'^V ® {(^^V)) . 

(1) The invariant elements under the action of 0{n) on E are 



where denotes the symmetric product. 
(2) For n> A the SO{n)- invariants on E coincide with the 0{n) -invariants. 

Proof. (1) Every direct summand in E is 0(n)-invariant; hence we need only to 
analyze the invariants on each summand. 

From Theorem 15.31 it follows that there are no invariants on 0'^^ and on 
S^V (0'^F), and the invariants on S^V (0^F) are obtained by linear com- 
bination of the elements cited in Remark 15.51 Hence, they are of the form 
^ = Afi -|-/x^2 + i'C3- Then, ^ G 5*^1/0(0^^) if and only if /x = w, and we obtain 



(2) For n > 5 the result follows from Theorem l5.4l For n = 5, from Theorem 
El it follows that 0{n) -invariants and 50(n)-invariants coincide on 0'^t^ and 
on S'^V (0^^). Moreover, since we have A^V n {S'^V (0^F)) = 0, the 
same conclusion holds for the remaining summand S'^V ^ (0"^^). Finally, for 
n = 4, again from Theorem [Q and the fact that A^V n {S'^V (0^T^)) = 0, 
it follows that there are no new invariant on 0^^ or on S^V (0'^V^). Also, 
as -idv e SO{4) and (-idy) • (77) = -77 for aU 77 G S^V (0^F), we conclude 
that no new invariant appears on S'^V (0'^T^), and the result follows. □ 

Proof of Lemma \5.S\ Let us fix a point zq — jx^Qo £ J'^M^m-: and let us consider 
a normal coordinate system {U\x^) centered at for the metric g^. The ex- 
pression of a covector 7? G n^{J^MM, 0^T*M) at zq on this coordinate system 
is 77^0 = {\ab,idx'- -I- X^^i^dyij -f Xabdyij,k)zo ® {dx'')z„ {dx'')zo- 

For reversible M we set G — SO{n) and for irreversible M, G = 0{n). 
Given ^ G G, we define a local diffeomorphism ipA : U M around a;o by 





ca- 
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^p\{x) — A^jX^ , Va; G U. As (pA is a linear transformation, from the expression 
© we deduce TpX{jl^go) = jl^go and we have 

Hence the map 

{dyij)zo I — » Cj, 

{dyij,k)za I * 

determines a G-module isomorphism between T*^J^AiM 8) (0^r*^M) and the 

space E in the statement of Proposition 15.61 The local diffeomorphism (pA 

satisfies the conditions in Lemma 12.11 and, hence, there exists (f>A S DiffM 

extending tpA on a neighbourhood of xq. As t] is DiffM-invariant we have 
(1)* 

(j)A (rj) — T], and hence 'ipA^^'* iVzo) = Vzo for every A G G. As ti = dimM > 4 
for an irreversible M, from Proposition for some A, G M, we obtain 

Vzo=^y^, {dytj)z„ <^ {dx'')zo ® {dx^)zo + A^y^ {dyii)zo ® {dx^)zo ® {dx^)zo 
^ — ^ — 'i,3 

As the point zq G J^A4m is arbitrary, for certain smooth functions a, 6 on 
J^Mm we have rj = a9 + btri} g. As r/, 9 and trz? g are Diff A/-invariant, 
a and b are also DiffM-invariant and, by virtue of Proposition 12.21 they are 
constant. □ 

Remark 5.7. The characterization of the connection to given on Theorem 15.11 
does not hold for higher-order jet bundles. In fact, below we sketch the proof of 
the existence of a natural 1-form a G i7^(J^A^Mj EndA^M). Hence, a; -I- a is 
a DiffM-invariant connection form on q^FM, which also satisfies the condition 
(O, by virtue of Lemma [3. 51 Let 

9^ = {dyij - yij^rdx'') 9/%^ + - yij^krdx'') d/dyij^k 

+ {dyij,ki - yij.kirdx'') d/dyijM, i < j,k <l, 

be the ((732)*V(g2)-valued 1-form on J^Mm defining its contact structure (cf. 
P]). We first notice the natural exact sequence of vector bundles over J^Mm, 

0^(<Z2)* {S^T*M S^T*M)^{q2)* J2 {S^T*M)^{q2)* {S^T*M) -^0 

splits naturally, as a retract p2 : (<72)* {S^T*M) (92)* {S^T*M S^T*M) 
exists of t2 given by, 

P2 (ji9,J» {X,,X2,X3,Xi) = i (V^)^ {h){X3,X4,X,,X2) 

+ i(V9)^ {h)iXi,X,,Xi,X2), 
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for all jig £ JI{Mm), jlh G Jl{S'^T*M), and Xi,...,Xi e T^M. Let 
C24 : (92)* ®'^T*M (52)* ®'^T*M be the metric contraction of the second and 
fourth arguments, i.e., C24(j^ff, Xi (g) X2 (8) X3 ig) X4) = {fy, 5(^2, Xi)Xi (g) X3). 
By using the canonical vector-bundle isomorphism V{q2) ^ (92)* (S'^T*M), 
the form we are looking for, is defined as follows: a = (C24 o /92 o ^'^)a- 
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